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I present a theoretical investigation of the temperature and magnetic field dependence of isotropic �parane-
matic� wetting layers close to an aligning substrate within a semi-infinite nematic liquid crystal with positive
magnetic anisotropy under condition of weak homeotropic anchoring. Using the Landau–de Gennes model
supplement by Nobili-Durand surface free energy, the existence and stability of paranematic wetting layers
close to the substrate and below the nematic-isotropic temperature are discussed. Numerical results are pre-
sented showing the phase diagram for the isotropic �paranematic�, nematic, and wetting layer states. In the
present work, the dependence of the transition kind to the magnetic field is discussed.
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I. INTRODUCTION

The study of surface-induced ordering in liquid crystals is
of special importance, not only for technological applications
but also from a fundamental scientific point of view �for
reviews see �1,2��. The phenomenon of the orientation of
bulk liquid crystal director n� �the average direction of the
long molecular axis of the rodlike molecules� at an interface
is called anchoring. Common anchoring states observed in
experimental systems are homeotropic anchoring �n� being
parallel to the interface normal z��, planar unidirectional an-
choring �n� �z� in connection with a preferred in-plane direc-
tion of n��, and planar degenerate anchoring �n� �z� with all
in-plane directions being equivalent�. The calculation of wet-
ting behavior as a function of anchoring strength for homeo-
tropic anchoring in planar geometry �3� and curvature geom-
etry was studied in detail �4,5�.

Wetting phenomena under an external bulk field were first
studied for magnetism �6,7�. The possibility of inducing the
prewetting transition by an external magnetic �or electric�
field in nematic liquid crystals was first studied by Po-
niewierski and Sluckin �8� who used the Maier-Saupe mean
field model. As is well known, the Maier-Saupe model fails
for quantitative predictions �9–11�. In view of experimental
results �12� on the electric field induced bulk isotropic-
nematic transition, which are in good quantitative agreement
with the predictions of the Landau–de Gennes model
�12,13�, it seems natural to use this latter model in the de-
scription of the prewetting transition under an external bulk
field.

Landau–de Gennes models �3,14–17� and microscopic
theories �18–24� predict a large variety of different pretran-
sitional wetting behaviors as the anchoring at an interface is
changed from homeotropic to planar.

II. LANDAU-GINZBURG–DE GENNES THEORY

In this paper by using the Landau–de Gennes theory, wet-
ting phenomena will be investigated when an external mag-
netic field H is applied along the z axis. This is very impor-

tant because many of the applications of liquid crystals are
related to their ability to respond strongly to such external
stimuli. Suppose that a static magnetic field H is applied to a
nematic liquid crystal in the semi-infinite space �z�0�
bounded on one side by a planar interface at z=0. To study
wetting phenomena one can start with the Landau–de
Gennes theory. This theory is based on traceless second-rank
tensor M. It is either defined macroscopically through the
traceless part of any second-rank material tensor such as the
dielectric tensor � or by starting from a microscopic defini-
tion as follows:

Mij = ��̂i�̂ j −
1

3
�ij� , �1�

where the unit vector �̂ indicates the directions of single
molecules and �…� means the average over all molecules in
a sufficiently large volume. The Landau-Ginzburg–de
Gennes free energy density in the presence of a magnetic
field is obtained �25,26� as follows:

f�M� =
1

2
a0�T − T*�MijMij −

1

3
bMijMjkMki +

1

4
c�MijMij�2

+
1

2
L1�Mij,k�2 −

1

2
��HiHjMij , �2�

where the summation over repeated indices is implied and
the symbol, k means spatial derivative with respect to the
spatial coordinate xk. The first three terms on the right-hand
side describe the transition from the isotropic to the nematic
phase �in the absence of an external field� when the tempera-
ture T is lowered; a0 and c are positive constants and T*

denotes the supercooling temperature of the isotropic phase.
In the fourth term, one adopts, for simplicity, the one-
constant approximation of the elastic energy which penalizes
any nonuniform orientational order. The last term comes
from the contribution of the magnetic field. When �� is posi-
tive, the molecules then tend to align parallel to the magnetic
field. Thus, when a magnetic field is added to a uniaxial
phase with positive ��, the director will be parallel to the
magnetic field and the effect is a slight increase of the
uniaxial ordering. The experimental work of Boamfa et al.
on wetting phenomena is based on this fact �27�. In the case*erfan.kadivar@pgu.ac.ir
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that �� is negative, the molecules tend to align perpendicular
to the magnetic field direction. Thus the field direction intro-
duces a second axis and the phase becomes biaxial �25�. My
attention is restricted to the uniaxial nematic phase with posi-
tive ��. Thus the uniaxial phase is stable when a magnetic
field is applied.

The simplest quadratic surface free energy for nondegen-
erate ordering was proposed by Nobili-Durand �28� as fol-
lows:

Fs =
W

2
	 d2x�Mij − Mij

�0��2, �3�

where M�0� is the order parameter preferred by the surface
and the surface-coupling strength W is positive.

The number of parameters is reduced considerably by us-
ing a rescaled order parameter Qij =Mij /g �g=2
6b /9c� and
temperature �=a0�T−T*� /cg2. Furthermore, all lengths and
the free energy are given, respectively, in units of �
=
L1 /cg2 and �f�3=cg4�3, where 2
2� denotes the nematic
coherence length at the nematic-isotropic phase transition.
Introducing the dimensionless surface-coupling parameter
	=W� /L1, the reduced total free energy reads as follows:

F =
1

2
	 d3x��QijQij −


6

2
QijQjkQkl +

1

2
�QijQij�2 + �Qij,k�2

−
��

cg3HiHjQij� +
	

2
	 d2x�Qij − Qij

�0��2. �4�

A uniaxial order parameter

Qij = S�ninj −
1

3
�ij� , �5�

where n is the nematic director, S is the Maier-Saupe scalar
order parameter, and �ij is the Kronecker symbol.

In the homeotropic anchoring configuration, the director
field n=ez is oriented along the surface normal. Since paral-
lel to the interface no direction of the molecules is preferred,
I chose a uniaxial preferred order parameter

Qij
�0� = S0�eziezj −

1

3
�ij� , �6�

in the Nobili-Durand surface free energy. Assuming further-
more that the liquid-crystal ordering is uniform in x and y
directions, the free energy �4� is converted into a free energy
per unit area for the Maier-Saupe order parameter S�z�.

FA�S�z�� = 	
0


  fb + �dS

dz
�2�dz + 	�S�0� − S0�2, �7�

with the bulk free energy density

fb = �S2 −
1

6

S3 +
1

3
S4 − hS , �8�

where h= H2��

cg3 is the reduced magnetic field.

Bulk nematic-paranematic phase transition temperature
in a nonzero magnetic field

In the zero field, by minimizing the first three terms on the
right-hand side of Eq. �4�, the bulk nematic-isotropic phase
transition from S=0 to Sb=
6 /4�0.612 occurs at �b
=�NI�h=0�=1 /8. Here I rederive the temperature that the
first-order bulk nematic-paranematic phase transition in the
presence of a magnetic field occurs �10�. Figure 1 illustrates
the bulk free energy in the presence of a magnetic field. The
absolute minimum of the free energy corresponds to the
stable phase. The phase transition occurs when the two val-
ues of the free energy in minimums will be equal. If Sm1 and
Sm3 are the minimums in the bulk free energy, the condition
of phase transition is fb�Sm1�= fb�Sm3� �see Fig. 1�. The
nematic-paranematic phase transition in the presence of a
magnetic field occurs from Sm1 to Sm3 at �NI�h�. On the basis
of such arguments, the bulk phase transition temperature ver-
sus the reduced magnetic field is calculated and it is drawn in
Fig. 2. It has a linear behavior. The equation of this line is
h=0.612�−0.0765. It is noted that the bulk nematic-isotropic
phase transition in the absence of a magnetic field from S
=0 to Sb�h=0��0.612 occurs at �b=�NI�h=0�= 1

8 , thus the
slope of the line in Fig. 2 is the order parameter in the bulk
phase in the absence of a magnetic field. The line in Fig. 2
separates the regions of the paranematic and nematic phases.
The nematic phase is stable in above the line. When crossing
the line, nematic-paranematic transition occurs and so the
bulk phase is in the paranematic state.
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FIG. 1. Schematic drawing of the free energy versus order pa-
rameter S according to Eq. �8� for h=0.02 and �NI�0.158.
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FIG. 2. Variation of the bulk nematic-paranematic temperature
as a function of a reduced magnetic field. It illustrates a linear
behavior between transition temperature and a magnetic field.
Above and below the line, the bulk phase is nematic and parane-
matic, respectively. When crossing the line the bulk experiences the
first-order nematic-paranematic phase transition.
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III. WETTING IN THE PRESENCE OF A MAGNETIC
FIELD

I will study wetting below �NI both for surface-induced
prolate order �S�0�, where the liquid-crystal molecules
align preferentially along the surface normal, but also for
oblate order �S�0�, where they want to be parallel to the
interface �17�. However, the second case has to be consid-
ered with caution since one expects biaxial orientational or-
dering as several studies for temperatures above �NI have
already shown �14,29,30�.

Variation of the free energy �7� in order to determine the
order parameter profile S�z� that minimizes FA gives the
Euler-Lagrange equation for the bulk,

d2S

d2z
=

1

2

dfb

dS
, �9�

and the two boundary conditions at the interface,

�dS

dz
�

z=0
= 	�S�0� − S0� , �10�

and far from it,

�dS

dz
�

z→


= 0 or lim
z→


S�z� = Sb, �11�

where the orientational order is uniform and where it as-
sumes the bulk value Sb, determined by minimizing the bulk
free energy density fb of Eq. �8�. Integrating the Euler-
Lagrange equation �9� once and determining the integration
constant from boundary condition �11�, gives

�dS

dz
� = 
fb�S� − fb�Sb� . �12�

Finally, this formula together with boundary condition �10�
at the interface, determines the order parameter S�0� at the
interface as follows:

	�S�0� − S0� = 
fb„S�0�… − fb�Sb� . �13�

For ���NI�h�, Figs. 3 and 4 illustrate graphical representa-
tions of Eq. �13� for 0�S0�Sb and S0�0, respectively. The
full line and dashed line relate to the right and the left side of
Eq. �13�, respectively. When multiple solutions for S�0� oc-

cur, the correct S�0� is that one which gives the absolute
minimum value of the free energy. Combining Eqs. �7� and
�12� and using a transformation of the integration variable
from z to S under the reasonable assumption that S�z� is
monotonic, one ultimately arrives at

FA = K  2	
S�0�

Sb

�
fb�S� − fb�Sb� � 	�S − S0��dS , �14�

with the constant K= fb�Sb�d−	�Sb−S0�2, where d is the
sample dimensionless thickness. fb�Sb�d is the bulk free en-
ergy, when the whole sample would exhibit bulk order �3�.
The upper and lower signs refer to dS /dz�0 and dS /dz
�0, respectively. The first case occurs, e.g., for ���NI when
S�z� approaches Sb=Sm3 starting from S�0��Sb and the sec-
ond case applies to ���NI when S�z��0 decays monotoni-
cally to Sb=Sm1 �see curve �3� in Fig. 5�. For the situation
illustrated in Fig. 4, a graphical representation of FA is pos-
sible: the free energies of the different solutions Si�0� differ

��
��
��

������������������
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FIG. 3. Graphical solution of Eq. �13� for ���NI, 0�S0�Sb,
and h=0.01. The straight lines correspond to 	�S�0�−S0� and the
curved to 
fb(S�0�)− fb�Sb�. The dot indicates the absolute mini-
mum of the free energy FA.
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FIG. 4. Graphical solution of Eq. �13� for �=�NI, S0�0, and h
=0.01. The straight lines correspond to 	�S�0�−S0� and the curved
to 
fb(S�0�)− fb�Sb�. The dots indicate the absolute minimum of the
free energy FA. The free energies of the first three solutions differ
by the areas 1 and 2 enclosed by the curved and one of the straight
lines. With increasing 	, a value is passed where the areas 1 and 2
are equal �Maxwell construction� and where the absolute minimum
S�0� jumps.
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FIG. 5. Order parameter profiles S�z� as a function of distance
from a substrate close to or at the nematic-isotropic phase transition
temperature for different parameters: �1� S0=−0.2, 	=0.3, h=0.01,
�=0.141 32 99; �2� S0=0.04, 	=0.2, h=0.01, �=�NI�h�=0.141 33;
�3� S0=0.3, 	=0.3, h=0.0099, �=0.141 33��NI�h�; �4� S0=0.1, 	
=0.2, h=0.01, �=�NI�h�=0.141 33. The thickness L of the wetting
layer is defined by the inflection point farthest away from the inter-
face at z=0. The coordinate z is given in units of �.
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by the areas 1 and 2 enclosed by the curved and one of the
straight lines. The dots indicate the absolute minimum of the
free energy FA. A transition between different solutions Si�0�
occurs if areas 1 and 2 are both the same, which is called
Maxwell construction. In this case a prewetting transition
between different wetting profiles occurs.

Once S�0� is obtained, the S�z� profile is calculated
through the integral of Eq. �12� for a monotonic order profile
as follows:

z =  	
S�0�

S�z� dS

fb�S� − fb�Sb�

. �15�

Figure 5 presents a profile of order parameter just before and
after the nematic-isotropic transition temperature. Curve �1�
in Fig. 5 presents a complete wetting of the interface with a
paranematic phase can occur for �→�NI�h� at h=hNI, S0
→Sm1, and 	�	c �	c is defined in the next section�. Curve
�4� in Fig. 5 illustrates a nematic wetting for �→�NI�h� at
h=hNI close to the substrate. To quantify the thickness of
wetting layers, one notes that every extremum Sm in the bulk
free energy fb gives rise to an inflection point in the profile
S�z� as stated by the Euler-Lagrange equation �9�. The thick-
ness L of a wetting layer by the distance of the inflection
point from the interface is defined as follows:

L =  	
S�0�

Sm dS

fb�S� − fb�Sb�

. �16�

If two inflection points exist, the one with the largest dis-
tance is chosen. Whenever fb�S� approaches fb�Sb�, a singu-
larity occurs in the definition �16� and L diverges as I will
demonstrate for ���NI as a function of the magnetic field in
the next section.

IV. PARANEMATIC WETTING

Consider a bulk phase is in the nematic phase. I will dis-
cuss how the paranematic phase wets the interface in the
presence of the magnetic field when the the nematic-

isotropic �paranematic� phase transition is approached from
below. Figure 6 illustrates the relevant wetting phase dia-
gram in the parameter space of the surface potential. The full
line separates the regions of the complete wetting and partial
wetting. In the second case, the nematic order parameter
close to the interface is reduced relative to the bulk value.
The curved part of the full line is determined by the Maxwell
construction, when areas 1 and 2 in Fig. 4 are equal. The
dotted line is the projection of a critical line on the S0 ,	
plane at �NI�h�. The confined region between the dotted and
full line defines the prewetting surface. When crossing this
region with decreasing temperature, the order parameter pro-
file jumps from the thick film to the thin film. The curved
and vertical part of the wetting line �full line� meet in a
tricritical point at (Sm1 ,	c= �

�S

fb�S�− fb�Sb�), which is indi-

cated by the filled square. The position of this point just
depends on the magnetic field strength �e.g., �0.043,0.2985�
for h=0.01�. My colleagues and I illustrated that the position
of this point is �0,0.354� in the absence of a magnetic field
�17�. The dashed line in the partial-wetting regime divides a
region where the wetting layer, following definition �16�, has
zero thickness L, from a region with L�0. In the case of
L=0, the maximum Sm2 in the free energy is smaller than
S�0� �see Fig. 3� so that the profile S�z� does not have an
inflection point; see curve �4� in Fig. 5 as an example. In the
region �0�L�
�, the profile has one inflection point �see,
e.g., curve �2� in Fig. 5�. When at �=�NI�h� the vertical part
of the wetting line in Fig. 6 is approached, L starts to diverge
�see, e.g., curve �1� in Fig. 5�. This leads to a singularity in
Eq. �16� for L since fb�0�= fb�Sb�=0 at �=�NI�h�. Concentrat-
ing on this singularity, one finds a logarithmic divergence for
L which is a function of reduced magnetic strength.

L � 	
S�0�

Sm2 dS

�NIS

2 − hS
�

− 1

�NI

ln�− h + 2�NIS�0�� . �17�

So on approaching the vertical part of the wetting line in the
wetting phase diagram �Fig. 6�, a second-order transition oc-
curs.

Figure 7 represents a wetting phase diagram for parane-
matic wetting below �NI in terms of the surface anchoring
strength 	, and the reduced magnetic field h. The curved line
separates a region where the wetting layer has L=0 from a
region with L�0. The curved and vertical part of the wetting
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(0<L< )∞
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FIG. 6. Wetting diagram for isotropic wetting when �NI�h� is
approached from below, in the parameter space of the surface po-
tential: reduced anchoring strength 	 versus rescaled preferred order
parameter S0 for h=0.01. The filled square indicates a tricritical
point at �0.043,0.2985� for the wetting transitions. The position of
the tricritical point depends on the magnetic field.
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FIG. 7. Behavior of the wetting layer. The vertical full line
indicates the second transition.
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line meet each other at hc. It is determined when the two
extremums Sm1 and Sm2 in the bulk free energy �see Fig. 1�
merge to one point. For arbitrary temperatures, it leads to

hc =
− 3
3 + 3
3 − 16� + 8�3
3 − 2
3 − 16��

48
2
. �18�

Figure 8 presents hc and hNI as a full and dashed line, respec-
tively. Above the full line the length of disorder layer L is
zero and the bulk phase is pure nematic, but the region be-
tween the two lines, the behavior of wetting depends on 	
and S0. The dashed and full lines meet each other in a tric-
ritical point at ��

c
*= 3

16, h
c
*=


6
64�, which is indicated by a filled

circle. At ��
c
* ,h

c
*� the three extremums of the bulk free en-

ergy merge to one point; after that the bulk free energy just
has one extremum and the second-order phase transition oc-
curs. However, when crossing the dashed line a first-order

nematic-paranematic phase transition occurs while above the
tricritical point the evolution of the order parameter is
gradual �31�. The experimental study shows that a wetting
transition changes from first order to continuous with in-
creasing surface anchoring �27�. In the weak surface anchor-
ing, Boamfa et al. find that the surface transition has a sharp
first order. It is a combination of first-order and continuous in
the medium anchoring energy and it is continuous for strong
anchoring �27�.

V. DISCUSSION AND CONCLUSIONS

The influence of an external magnetic field on the prewet-
ting transition and on the wetting behavior of a nematic liq-
uid crystal with positive magnetic anisotropy has been stud-
ied using a phenomenological Landau–de Gennes model.
Wetting has been studied in the presence of a magnetic field
not only for surface-induced prolate order �S�0�, where the
liquid-crystal molecules align preferentially along the sur-
face normal, but also for oblate order �S�0�, where they
want to be parallel to the interface. I have assumed that the
order parameter is uniaxial everywhere. The thermodynamic
phase diagram has been calculated. Solving the free energy
equation numerically, it has been found that the magnetic
field could increase first-order transition temperature as a lin-
ear behavior with the zero field bulk order parameter slope
which terminates at the tricritical point. After that the varia-
tion of the order parameter is gradual. Although some parts
of my results were observed experimentally �27�, my results
are valid for weak homeotropic anchoring. I only considered
a uniaxial nematic liquid crystal with positive magnetic an-
isotropy. On the basis of experimental observation, the phase
is uniaxial in the presence of a magnetic field �27�. In the
case that magnetic anisotropy is negative, the magnetic field
creates the second axis and the phase becomes biaxial, which
is not considered in this paper.
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